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In this paper, we study the non-projectable 2d Horˇava gravity coupled with a non-relativistic scalar
field, where the coupling is in general non-minimal and of the form f(φ)R, where f(φ) is an arbitrary
function of the scalar field φ, and R denotes the 2d Ricci scalar. In particular, we first investigate the
Hamiltonian structure, and show that there are two-first and two-second class constraints, similar
to the pure gravity case, but now the local degree of freedom is one, due to the presence of the
scalar field. Then, we present various exact stationary solutions of this coupled system, and find
that some of them represent black holes but now with universal horizons as their boundaries. At
these horizons, the Hawking radiations are thermal with temperatures proportional to their surface
gravities, which normally depend on the non-linear dispersion relations of the particles radiated,
similar to the (3+1)-dimensional case.
I. INTRODUCTION
Quantization of gravity is a subject of intense study
over half a century [1], and various candidates have
been proposed, such as string/M-Theory [2], Loop Quan-
tum Gravity (LQG) [3], Causal Dynamical Triangulation
(CDT) [4], and Asymptotic Safety [5], to name only a few
of them. For more details, see [6]. However, our under-
standing on each of them is still highly limited. In par-
ticular, it is not clear how they are related (if there exists
any), and which is the theory we have been looking for
over these years. One of the main reasons is the absence
of experimental evidences for quantum gravitational ef-
fects. In certain senses, this is understandable, consider-
ing the fact that quantum gravitational effects are nor-
mally expected to become important only at the Planck
scale, which currently is well above the range of any man-
made terrestrial experiments. However, the situation has
been changing recently with the arrival of precision cos-
mology [7]. Particularly, it was shown lately that one
of the approaches adopted in loop quantum cosmology
already leads to inconsistency with current observations
under certain circumstances [8].
It is well known that general relativity is perturbatively
not renormalizable, and its ultraviolet (UV) behavior can
be dramatically changed by including high-order deriva-
tive operators, such as the term RµνR
µν [9], where Rµν
denotes the four-dimensional Ricci tensor. However, the
inclusion of such terms inevitably leads to the presence
of ghosts, which makes the theory not unitary [9]. This
problem has been plagued there since its discovery, and
has not been resolved so far. The existence of the ghosts
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is closely related to the fact that the theory now con-
tains time-derivatives with orders higher than two. As
a matter of fact, there exists a powerful theorem due to
Mikhail Vasilevich Ostrogradsky, who established it in
1850 [10]. The theorem basically states that a system
is not (kinematically) stable if it is described by a non-
degenerate higher-order time-derivative Lagrangian. For
a recent introduction of this theorem, we refer readers to
[11].
To avoid the Ostrogradsky ghost problem, Horˇava re-
cently proposed a theory of gravity [12], in which Lorentz
invariance (LI) is broken in the UV but recovered (ap-
proximately) later in the infrared (IR). Once LI is broken,
one can include only high-order spatial derivative opera-
tors into the Lagrangian, so the UV behavior can be dra-
matically improved, while the time derivative operators
are still kept to the second-order, in order to evade Os-
trogradsky’s ghosts and keep the theory unitary. There
are many ways to break LI. But, Horˇava chose to break
it by considering anisotropic scaling between time and
space,
t→ b−zt, xi → b−1xi, (i = 1, 2, ..., d) (1.1)
where z denotes the dynamical critical exponent, and
LI requires z = 1, while power-counting renomalizibality
requires z ≥ d, where d denotes the spatial dimension
of the spacetime [12, 13]. Clearly, such a scaling breaks
explicitly the LI and hence 4-dimensional diffeomorphism
invariance. Horˇava assumed that it is broken only down
to the level
t→ ξ0(t), xi → ξi
(
t, xk
)
, (1.2)
so the spatial diffeomorphism still remains. The above
symmetry is often referred to as the foliation-preserving
diffeomorphism, denoted by Diff(M, F). In the original
incarnation of Horˇava gravity [12], the theory suffered
several problems, including instability in the IR, strong
coupling and inconsistency with observations [14]. Since
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2then, various modifications have been proposed, and for
a recently updated review we refer readers to [15].
Among several important issues, quantization of
Horˇava gravity has been considered only in some par-
ticular cases, despite the vast literature on the theory.
In particular, in (3+1)-dimensional spacetimes with the
projectability and detailed balance conditions, the renor-
malizability of Horˇava gravity was shown to reduce to the
one of the corresponding (2+1)-dimensional topologically
massive gravity [16]. The latter is expected to be renor-
malizable [17], although a rigorous proof is still absent.
Lately, it was shown that the theory is renormalizable
even without the detailed balance condition, by prop-
erly choosing a gauge that ensures the correct anisotropic
scaling of the propagators and their uniform falloff at
large frequencies and momenta [18].
Along a similar line, together with their collaborators,
two of the current authors studied the quantization of
Horˇava gravity both with and without the projectability
condition in (1+1)-dimensional (2D) spacetimes [19, 20].
Due to the foliation-preserving diffeomorphism, the the-
ory is non-trivial even in 2d spacetimes, in contrast to
the relativistic case [21–23], although the total degree of
freedom of the theory is still zero [19, 20]. In particu-
lar, in the projectable case, when only gravity is present,
the system can be quantized by following the canonical
Dirac quantization [24], and the corresponding wavefunc-
tion is normalizable [19]. It is remarkable to note that in
this case the corresponding Hamilton can be written in
terms of a simple harmonic oscillator, whereby the quan-
tization can be carried out quantum mechanically in the
standard way. When minimally coupled to a scalar field,
the momentum constraint can be solved explicitly in the
case where the fundamental variables are functions of
time only. In this case, the coupled system can also be
quantized by following the Dirac process, and the corre-
sponding wavefunction is also normalizable.
In the non-projectable case, the analysis of the 2D
Hamiltonian structure shows that there are two first-class
and two second-class constraints [20]. Then, following
Dirac one can quantize the theory by first requiring that
the two second-class constraints be strongly equal to zero,
which can be carried out by replacing the Poisson bracket
by the Dirac bracket [24]. The two first-class constraints
give rise to the Wheeler-DeWitt equations. A remarkable
feature is that orderings of the operators from a classical
Hamilton to a quantum mechanical one play a funda-
mental role in order for the Wheeler-DeWitt equation to
have nontrivial solutions. In addition, the space-time is
well quantized, even when it is classically singular.
Moreover, it was also shown that the 2d projectable
Horˇava gravity is exactly equal to the 2d CDT [25].
Such studies were further generalized to the case coupled
with a scalar field [26]. In addition, the quantization of
2d Friedmann-Robertson-Walker universe was studied in
[27, 28].
In this paper, we continue our investigations in 2d
Horˇava gravity with the non-projectable condition, but
focus ourselves on two related issues: the existence of
universal horizons and their Hawking radiations. The ex-
istence of black holes in gravitational theories with LI is
closely related to the existence of light-cones [29]. Then,
in theories in which LI is broken, it was expected that
black holes should not exist, as particles in such theories
can have speeds larger than that of light, and such par-
ticles are always able to cross event horizons to escape
to infinity, even they are trapped inside them initially.
Therefore, it was very surprised to discover that black
holes exist even in such theories, but now with universal
horizons as the boundaries of black holes [30, 31], instead
of Killing horizons [29].
Since then, universal horizons and their thermodynam-
ics have been studied intensively (See, for example, [15]
and references therein). In particular, it was showed that
universal horizons exist in the three well-known black
hole solutions: the Schwarzschild, Schwarzschild anti-de
Sitter, and Reissner-Nordstro¨m [32], which are also so-
lutions of Horˇava gravity [33]. At the universal horizon,
the first law of black hole mechanics exists for the neu-
tral Einstein-aether black holes [34], provided that the
surface gravity is defined by [35],
κUH ≡ 1
2
uαDα
(
uλζ
λ
)
, (1.3)
which was obtained by considering the peering behavior
of ray trajectories of constant khronon field φ. However,
for the charged Einstein-aether black holes, such a first
law is still absent [36]. The universal horizon radiates as
a blackbody at a fixed temperature [37]. However, dif-
ferent species of particles, in general, experience different
temperatures [38],
T z≥2UH =
2(z − 1)
z
(κUH
2pi
)
, (1.4)
where κUH is the surface gravity calculated from Eq.(1.3)
and z is the exponent of the dominant term in the UV.
When z = 2 we have the standard result, T z=2UH =
κUH
2pi ,
which was first obtained in [35, 37].
Recently, more careful studies of ray trajectories
showed that the surface gravity for particles with a non-
relativistic dispersion relation is indeed given by [39],
κz≥2UH =
2(z − 1)
z
κUH . (1.5)
The same results were also obtained in [40]. It is remark-
able to note that in terms of κz≥2UH and T
z≥2
UH , the standard
relationship between the temperature and surface gravity
of a black hole still holds here.
In this paper, we shall study universal horizons and
their thermodynamics in 2d non-projectable Horˇava
gravity, coupled with a non-relativistic scalar field.
Specifically, the paper is organized as follows: In Sec. II,
we present the general action of the coupled system and
derive the corresponding Hamiltonian structure and field
equations. In Sec. III, we find various diagonal and non-
diagonal stationary solutions of the coupled system, and
3correct some typos presented in [41]. In Sec. IV we first
study the existence of universal horizons in a representa-
tive spacetime found in Sec. III, and then study its Hawk-
ing radiation by using the Hamilton-Jacobi method. To
compare it with the relativistic case, Hawking radiation
at Killing horizons is also studied in this section. The
paper is ended in Sec. V, in which we present our main
conclusions.
Before proceeding further, we would like to note that
the existence of universal horizons is closely related to
the existence of a globally defined time-like khronon field
ϕ [15]. Then, all the particles are assumed to move in
the increasing direction of ϕ. At the beginning, universal
horizons were studied in the framework of the Einstein-
aether theory with spherical symmetry, in which the
time-like aether naturally plays the role of the khronon
field [30, 31]. To generalize such conceptions to other the-
ories, including Horˇava gravity, in which the aether field
is not part of the theory, one can consider the khronon
field as a test field [42], a role similar to a Killing vector
field ξµ, which satisfies the Killing equations, ∇(νξµ) = 0,
on a given spacetime background gµν . In this paper,
we shall adopt this generalization, and assume that the
test khronon field satisfies the same equations as the
aether field, the most general second-order partial differ-
ential equations in terms of the aether four-velocity [43].
For more detail, we refer readers to [15] and references
therein.
II. 2D HORˇAVA GRAVITY COUPLED WITH A
SCALAR FIELD
The general gravitational action of Horˇava gravity is
given by,
SHL = ζ
2
∫
dt dxN
√
g (LK − LV ), (2.1)
where ζ2 denotes the coupling constant of Horˇava grav-
ity, N the lapse function in the Arnowitt-Deser-Misner
(ADM) decomposition [44], and g ≡ det(gij), here gij is
the spatial metric defined on the leaves t = Constant.
LK is the kinetic part of the action, given by
LK = KijKij − λK2, (2.2)
where λ is a dimensionless constant, and Kij denotes
the extrinsic curvature tensor of the leaves t = constant,
given by
Kij =
1
2N
(−g˙ij +∇iNj +∇jNi) , (2.3)
and K ≡ gijKij . Here g˙ij ≡ ∂gij/∂t, ∇i denotes the
covariant derivative of the metric gij , and N
i the shift
vector, with Ni ≡ gijN j . LV denotes the potential part
of the action, and in 2d spacetimes, it takes the form [20],
LV = 2Λ− βaiai, (2.4)
where Λ denotes the cosmological constant, and β is an-
other dimensionless coupling constant.
On the other hand, the action for a non-relativistic
scalar field takes the form,
Sφ =
∫
dt dxN
√
g
{
1
2
(∂⊥φ)
2 − α0 (∇iφ)2
−V (φ)− f(φ)R
}
, (2.5)
where ∂⊥ ≡ N−1(∂t −N i∇i), α0 is a dimensionless cou-
pling constant. In the relativistic case, it is equal to 1/2.
The function f(φ) is arbitrary and depends on φ only,
and R denotes the Ricci scalar of the 2d spacetimes. The
total action is
S = SHL + Sφ = ζ
2
∫
dt dxN
√
gL. (2.6)
A. Hamiltonian Structure
The 2d spacetimes are described by the general metric,
ds2 = −N2dt2 + γ2(dx+N1dt)2, (2.7)
subjected to the gauge freedom (1.2), where N,N1 and γ
are in general functions of t and x. To be as much general
as possible, we shall not impose any gauge conditions in
this section. Then, the action (2.1) takes the form,
SHL =
∫
dtdxNγ
[
(1− λ)K2 − 2Λ + βa1a1
]
. (2.8)
where a1 = (lnN)
′
, and
K = − 1
N
(
γ˙
γ
− N
′
1
γ2
+
N1γ
′
γ3
)
, (2.9)
with γ′ ≡ ∂γ/∂x, etc. In terms of N,N1 and γ, the
matter action takes the form
Sφ =
∫
dtdxNγ
{ 1
2N2
(
φ˙− N1φ
′
γ2
)2
− α0
γ2
φ′2
−V (φ)− f(φ)R
}
, (2.10)
where
R =
2
Nγ
[
∂µ(Nγn
µK)−
(
N ′
γ
)′]
. (2.11)
Here nµ ≡ N−1(1,−N1) denotes the normal vector to
the hypersurfaces t = Constant. Then, we find
piN ≡ ∂L
∂N˙
= 0, piN1 ≡
∂L
∂N˙1
= 0,
pi =
∂L
∂γ˙
= 2K(λ− 1)− 2f ′ φ˙
N
+ 2f ′
φ′N1
Nγ2
,
piφ =
∂L
∂φ˙
=
γ
N
(φ˙−N1 φ
′
γ2
) + 2f ′γK. (2.12)
4After a Legendre transformation, it can be shown that
the Hamiltonian can be cast in the form,
H0 = NH+N1H1 − 2β
(
N ′
γ
)′
, (2.13)
where
H1 = −pi
′
γ
+
piφφ
′
γ2
, (2.14)
H = −piφpi
2f ′
+
(λ− 1)piφ
f ′
K + (1− λ)K2γ
+2Λγ + α0
φ′2
γ
− γ
2
(
piφ
γ
− 2f ′K
)2
+γV (φ)− 2
(
f ′φ′
γ
)′
+β
N ′2
Nγ
+ 2β
(
N ′
Nγ
)′
. (2.15)
Here K can be expressed in terms of the canonical fields
and their momenta,
K =
piγ + 2f ′piφ
4γf ′2 − 2γ(1− λ) . (2.16)
A straightforward evaluation of poisson brackets between
momentum constraints shows{
H1(x),H1(x′)
}
=
(H1(x′)
γ2(x′)
+
H1(x)
γ2(x)
)
∂x′δ(x− x′),
(2.17)
which is the same as in the pure gravity case [20]. The
poisson bracket between H and H1 will not vanish on
the constraint surface because of the appearance of terms
related to the lapse function N in the Hamiltonian con-
straint H. Therefore, we need to redefine the momentum
constraint by adding a term proportional to the primary
constraint piN , which generates the diffeomorphisms of
N ,
H˜1 = H1 + N
′
γ2
piN . (2.18)
In principle, one can also add a term generating diffeo-
morphisms of N1. However, in the present case, since
the Hamiltonian constraint doesn’t depend on N1, this
term is not mandatory. In terms of H˜1, the structure of
Eq.(2.17) will not change, while one can show that H˜1
now commutes with H on the constraint surface,{
H˜1(x),H(x′)
}
= −
(
4cpi +
2bpiφ
γ
)
H˜1(x)δ(x− x′)
+
H(x)
γ2(x)
∂xδ(x− x′). (2.19)
Here c ≡ −α/2 − 2ξ2α2 and b ≡ αξ(2β − 1) − 12ξ [1 +
2α(1 − λ)], where α−1 ≡ 4ξ2 + 2(λ − 1). Note that in
writing down the above expression, we had set f(φ) = ξφ
for the sake of simplicity. Thus, the total Hamiltonian of
the coupled system can be written as
Ht = NH+N1H˜1 + σpiN + σ1piN1 . (2.20)
For this coupled system, there are two first-class con-
straints H˜1 and piN1 , and two second-class constraints H
and piN .
Note that no other constraints will be generated by the
equations of motion (E.O.M.) of the said four constraints
because the secondary constraint H˜1 will not give rise
to any tertiary constraints due to Eqs.(2.17) and (2.19),
while on the other hand the preservation of H will only
produce two differential equations for lapse function N
and Lagrange multiplier σ since H is a second-class con-
straint. Thus, the Dirac procedure of finding all the con-
straints in the Hamiltonian formulation terminates at the
level of secondary constraints, and the physical degrees of
freedom in the configuration space is one which is due to
the introduction of the scalar field into the whole system,
while in the pure gravity case it is zero [20].
B. Field Equations
The variations of the total action S with respect to
N,N1, γ and φ, yield, respectively,
(1− λ)γK2 + 2β
(
N ′
Nγ
)′
+
βN ′2
N2γ
+ γ (2Λ + V )
+
γ
2N2
(
φ˙− N1φ
′
γ2
)2
+
α0φ
′2
γ
+
2K
N
(
f ′φ˙γ − f
′φ′N1
γ
)
−
(
2f ′φ′
γ
)′
= 0,
(2.21)
2(1− λ)K ′
γ
+
φ′
Nγ
(
φ˙− N1φ
′
γ2
)
+
2f ′φ′K
γ
+
(
2f ′φ˙
Nγ
− 2f
′φ′N1
Nγ3
)′
+
2γ′
Nγ3
(
f ′φ˙γ − f
′φ′N1
γ
)
= 0, (2.22)
52(1− λ)
(
K˙ +
N1K
′
γ2
− NK
2
2
)
− βN
′2
Nγ2
+
1
2N
(
φ˙− N1φ
′
γ2
)2
+
2N1φ
′
Nγ2
(
φ˙− N1φ
′
γ2
)
−N(2Λ + V ) + 2f ′φ˙K + 2f ′φ′N1K
γ2
+ 2f ′φ′
N ′
γ2
+ α0φ
′2N
γ2
− 2K
(
f ′φ˙− f
′φ′N1
γ2
)
+
(
2f ′φ˙γ
Nγ
− 2f
′φ′N1
Nγ2
)
,t
− 2N
′
1
γ2
(
f ′φ˙γ − f ′φ′N1
γ
)
+
4N1γ
′
Nγ4
(
f ′φ˙γ − f ′φ′N1
γ
)
+
(
2N1f
′φ˙
Nγ2
− 4f
′φ′N21
Nγ4
)′
= 0, (2.23)
(
γφ˙
N
− N1φ
′
Nγ
)
,t
−
(
N1φ˙
Nγ
− N
2
1φ
′
Nγ3
)′
− 2α0
(
Nφ′
γ
)′
+NγV ′ − 2f ′′φ˙γK + 2(f ′γK). + 2f ′′φ′N1K
γ
−2
(
f ′N1K
γ
)′
+ 2f ′′φ′
N ′
γ
− 2
(
f ′N ′
γ
)′
= 0. (2.24)
Here f ′(φ) ≡ df(φ)/dφ, etc. Note Eqs.(2.21)-(2.24) hold
for any function f(φ).
III. STATIONARY SPACETIMES
In this section, we will study stationary spacetimes
of the 2d Horˇava gravity coupled with a non-relativistic
scalar field, presented in the last section. Setting all the
time derivative terms to zero in Eqs.(2.21)-(2.24), and
f(φ) = ξφ, (3.1)
where ξ is a constant, we find that
(1− λ)γK2 + 2β
(
N ′
Nγ
)′
+
βN ′2
N2γ
+
N21φ
′2
2N2γ3
+
α0φ
′2
γ
+ γ(2Λ + V )− 2Kξφ
′N1
Nγ
−
(
2ξφ′
γ
)′
= 0, (3.2)
2(1− λ)K ′
γ
− N1φ
′2
Nγ3
+
2ξφ′K
γ
−
(
2ξφ′N1
Nγ3
)′
− 2ξφ
′γ′N1
Nγ4
= 0, (3.3)
2(1− λ)
(
N1K
′
γ2
− NK
2
2
)
− βN
′2
Nγ2
− 3N
2
1φ
′2
2Nγ4
+ α0φ
′2N
γ2
+ 4ξφ′
N1K
γ2
+ 2ξφ′
N ′
γ2
−N(2Λ + V ) + 2ξN
′
1φ
′N1
γ3
− 4ξγ
′φ′N21
Nγ5
−
(
4ξφ′N21
Nγ4
)′
= 0, (3.4)
(
N21φ
′
Nγ3
)′
− 2α0
(
Nφ′
γ
)′
+NγV ′
− 2ξ
(
N1K
γ
)′
− 2ξ
(
N ′
γ
)′
= 0.(3.5)
A. Diagonal Solutions
When the metric is diagonal, we have
N1 = 0, (3.6)
so the extrinsic curvature K vanishes and Eq.(3.3) holds
identically, while Eqs.(3.2), (3.4) and (3.5) reduce, re-
spectively, to
2β (ν′′ − ν′µ′) + βν′2 − 2ξ (φ′′ − φ′µ′) + α0φ′2
= −(V + 2Λ)e2µ, (3.7)
βν′2 − 2ξφ′ν′ − α0φ′2 = −(V + 2Λ)e2µ, (3.8)
2ξ
(
ν′′ + ν′2 − ν′µ′
)
+ 2α0 (φ
′′ − φ′µ′ + ν′φ′)
= e2µV ′, (3.9)
where ν ≡ lnN and µ ≡ ln γ.
It should be noted that static diagonal solutions were
studied recently in [41] with Λ = 0 = ξ. However, com-
paring the above equation (3.7) with Eq.(12) given in
[41], it can be seen that the second-order derivative term
ν′′ (or N ′′) is missing there. This is because, when taking
the variation of the total action with respect to N , the
authors of [41] incorrectly assumed that a1 is indepen-
dent of N . Unfortunately, as a result, all the solutions
resulted from Eq.(12) given in [41] in general are not so-
lutions of the field equations of the 2d Horˇava gravity
coupled with a non-relativistic scalar field.
Using the gauge freedom given by Eq.(1.2), without
loss of the generality, we can always set µ = −ν, that is,
N =
1
γ
= eν . (3.10)
To solve Eqs.(3.7)-(3.9), let us further consider the case
6where V = −2Λ, so that Eqs.(3.7) - (3.9) reduce to,
2β
(
ν′′ + ν′2
)
+ βν′2 − 2ξ (φ′′ + φ′ν′)
+ α0φ
′2 = 0, (3.11)
βν′2 − 2ξφ′ν′ − α0φ′2 = 0, (3.12)
ν′′ + 2ν′2 +
α0
ξ
(φ′′ + 2ν′φ′) = 0. (3.13)
Then, from Eqs.(3.11) and (3.12) we find that
ν′′ + 2ν′2 − ξ
β
(φ′′ + 2ν′φ′) = 0. (3.14)
Thus, Eqs.(3.13) and (3.14) show that there are two pos-
sibilities,
(i) α0β + ξ
2 6= 0; (ii) α0β + ξ2 = 0. (3.15)
1. α0β + ξ
2 6= 0
In this case we must have
ν′′ + 2ν′2 = 0, (3.16)
φ′′ + 2ν′φ′ = 0, (3.17)
which have the solutions,
N =
√
C0x+ C1,
φ = φ0 ln (C0x+ C1) + φ1, (3.18)
where Ci and φi are the integration constants. Without
loss of the generality, we can always set C0 = 1, so the
metric and scalar field finally take the form,
ds2 = − (x− x0) dt2 + dx
2
x− x0 ,
φ = φ0 ln (x− x0) + φ1, (3.19)
where x0 ≡ −C1. Clearly, the scalar field is singular at
x = x0, so is the corresponding spacetime.
2. α0β + ξ
2 = 0
In this case, there are only two independent equations
which are Eqs.(3.12) and (3.13). Now if substituting the
relation α0 = −ξ2/β into these equations and defining a
new constant κ = ξ/β, one can easily arrive at,
ν′2 − 2κφ′ν′ + κ2φ′2 = 0, (3.20)
ν′′ + ν′2 − κφ′′ − κ2φ′2 = 0. (3.21)
The first equation tells us that ν′ and φ′ are linearly
dependent, that is,
ν =
ξ
β
(φ− φ0) , (3.22)
which also makes the second equation hold identically,
where φ0 is a constant. Therefore, in the current case
for any chosen φ, the solution (3.22) will satisfy the field
equations (3.11)-(3.13). The corresponding metric takes
the form,
ds2 = −e 2ξ(φ−φ0)β dt2 + e− 2ξ(φ−φ0)β dx2, (3.23)
for α0 = −ξ2/β.
B. Non-diagonal Solutions
In this case, using the gauge transformations (1.2),
without loss of generality, we can always set
γ = 1, (3.24)
so the metric takes the form,
ds2 = −N2(x)dt2 + (dx+ h(x)dt)2. (3.25)
Then, Eqs.(3.2)-(3.5) reduce to
(1− λ)K2 + 2β
(
N ′
N
)′
+
βN ′2
N2
+ 2Λ + V (φ) +
h2φ′2
2N2
+ α0φ
′2 − 2Kξφ
′h
N
− 2ξφ′′ = 0, (3.26)
2(1− λ)K ′ − hφ
′2
N
+ 2ξφ′K −
(
2ξφ′h
N
)′
= 0, (3.27)
2(1− λ)
(
hK ′ − NK
2
2
)
− βN
′2
N
− 3h
2φ′2
2N
−N(2Λ + V ) + α0φ′2N + 4ξφ′hK
+ 2ξφ′N ′ + 2ξh′φ′h−
(
4ξφ′h2
N
)′
= 0, (3.28)(
h2φ′
N
)′
− 2α0(Nφ′)′ +NV ′ − 2ξ(hK)′ − 2ξN ′′ = 0,
(3.29)
where
K =
h′
N
. (3.30)
To solve the above equations, in the following we shall
consider some particular cases.
1. N(x) = 1
In this case, let us first consider the solution with φ =
φ0, where φ0 is a constant. Then, from Eq.(3.26) we find
that
h′2 =
2Λˆ
λ− 1 , (3.31)
7where Λˆ ≡ Λ + V (φ0)/2. The above equation has the
solution,
h(x) = ±
√
2Λˆ
λ− 1 x = ±ηx. (3.32)
It can be shown that in this case a killing horizon exists,
located at xKH = ±η−1.
2. ξ = 0
When ξ = 0, Eqs.(3.26)-(3.29) reduces to
(1− λ)
(
h′
N
)2
+ 2β
(
N ′
N
)′
+
βN ′2
N2
+ Vˆ
+ α0φ
′2 +
h2φ′2
2N2
= 0, (3.33)
2(1− λ)
(
h′′
N
− h
′N ′
N2
)
− hφ
′2
N
= 0, (3.34)
2(1− λ)
(
h′′
N
− h
′N ′
N2
− h
′2
2hN
)
− βN
′2
hN
− 3hφ
′2
2N
+
N
h
(
α0φ
′2 − Vˆ
)
= 0, (3.35)(
h2φ′
N
)′
− 2α0(Nφ′)′ +NVˆ ′ = 0, (3.36)
where Vˆ ≡ V + 2Λ. To solve the above equations, let us
consider the case,
N = h, Vˆ = 0, (3.37)
for which the above equations reduce to
2βν′′ + (1− λ+ β)ν′2 = −1 + 2α0
2
φ′2, (3.38)
2(1− λ)ν′′ = φ′2, (3.39)
2(1− λ)ν′′ − (1− λ+ β)ν′2 = 3− 2α0
2
φ′2, (3.40)
(1− 2α0) (eνφ′)′ = 0, (3.41)
where ν = lnN . To solve the above equations, let us
consider the cases α0 = 1/2 and α0 6= 1/2, separately.
Case B.2.1) α0 = 1/2: This is the relativistic
case, and Eq.(3.41) is satisfied identically, while from
Eqs.(3.38) and (3.40), we find
(1− λ+ β)ν′′ = 0. (3.42)
If λ 6= β + 1, it can be shown that the above equations
have only the trivial solution in which ν and φ are all con-
stants. On the other hand, when λ = β + 1, Eqs.(3.38)-
(3.40) reduce to a single equation,
2βν′′ = −φ′2, (β = λ− 1). (3.43)
for the two arbitrary functions ν and φ. Again, similar to
Case A.2 considered in the last subsection, the solutions
are not uniquely determined. In fact, for any given φ,
the solution,
ν(x) = − 1
2β
∫ x
dx′
∫ x′
φ′2(x′′)dx′′ +C1x+C0, (3.44)
will satisfy the field equations (3.38) and (3.40), where
C1 and C0 are two integration constants.
Case B.2.2) α0 6= 1/2: In this case, from Eq.(3.41)
we find
φ′ = C0e−ν , (3.45)
where C0 is another constant. Substituting it into
Eq.(3.39), we obtain
NN ′′ −N ′2 +D = 0, (3.46)
where D ≡ C20/(2(λ− 1)). The above equation has two
particular solutions,
NA(x) =
1
2C21
eC1(x+C2) − D
2
e−C1(x+C2), (3.47)
NB(x) =
1
2C21
e−C1(x+C2) − D
2
eC1(x+C2), (3.48)
where C1 and C2 are two integration constants. Corre-
spondingly, the scalar field φ is given, respectively, by,
φA(x) = − 2√D tanh
−1
(
eC1(C2+x)√DC1
)
, (3.49)
φB(x) =
2√D tanh
−1
(
C1
√
DeC1(C2+x)
)
. (3.50)
IV. UNIVERSAL HORIZONS AND HAWKING
RADIATION
In this section, we shall consider two issues, universal
horizons and the corresponding Hawking radiations. As
a representative case, we shall focus on the solution given
by Eqs.(3.25) and (3.32) with N = 1. Without loss of the
generality, we consider only the case with “-” sign, that
is,
ds2 = −dt2 + (dx− ηxdt)2
= − (1− η2x2) dt2 − 2ηxdtdx+ dx2, (4.1)
where −∞ < t, x <∞. The corresponding inverse metric
is given by
gtt = −1, gtx = −ηx, gxx = 1− η2x2, (4.2)
which is non-singular, except at the infinities x = ±∞.
The latter are coordinate singularities, similar to the 4d
de Sitter space. In fact, the extrinsic curvature and 2d
Ricci scalar are all finite, and given by −η and 2η2, re-
spectively. However, there exist two cosmological Killing
8horizons, located, respectively, at xKH = ±η−1. Similar
to the 4d de Sitter space, the time-translation Killing vec-
tor, ξµ = δµt , is time-like only in the region x
2 < x2KH . In
the regions x2 > x2KH , the Killing vector becomes space-
like, and only in these regions can the universal horizon
exist, as the latter is defined by [15],
(ξ · u) = 0. (4.3)
Since the four-velocity u of the khronon field is always
time-like, Eq.(4.3) has solutions only when ξ becomes
spacelike, which are the regions in which x2 > x2KH holds.
To see the difference between the physics at Killing
horizons and that at universal horizons, let us first con-
sider Hawking radiation at the Killing horizon.
A. Hawking radiation at the Killing horizon
As shown in [38], at a Killing horizon only relativis-
tic particles are radiated quantum mechanically. So, in
this subsection we consider only the relativistic limit in
which the dispersion relation of radiated massless scalar
particles satisfies k2 ≡ kλkλ = 0. Considering only the
positive outgoing particles, kt = −ω < 0, we find
k±x =
ω(h± 1)
1− h2 , (4.4)
which is singular for k+x at the Killing horizon at which
we have h (xKH) = 1. Then, from the following formula
[38],
2ImS = Im
∮
k+x dx =
ω
TKH
, (4.5)
we find that
TKH = −h
′(xKH)
2pi
=
η
2pi
, (4.6)
where xKH = −η−1. On the other hand, the surface
gravity at the Killing horizon is given by [29],
κKH ≡
√
−1
2
(Dµχν) (Dµχν)
= η, (4.7)
where Dµ denotes the covariant derivative with respect
to the 2d metric gµν , and χ
µ = δµt is the timelike Killing
vector. Therefore, the standard form,
TKH =
κKH
2pi
, (4.8)
holds.
B. Universal Horizons and Hawking Radiation
The existence of a universal horizon is closely related
to the existence of a globally defined timelike scalar field
ϕ [15, 42],
uµ =
∂µϕ√−gαβ∂αϕ∂βϕ, uλuλ = −1, (4.9)
where the equation of ϕ is given by the action [45],
Su =
∫
dtdxNγ
[κ1
2
FαβFαβ + κ2(Dαu
α)2
+σ(uαuα + 1)
]
, (4.10)
where Fαβ ≡ Dαuβ − Dβuα, σ is a Lagrange multi-
plier, and κ1,2 are two coupling constants. It should be
noted that the action (4.10) remains unchanged under
the transformations,
ϕ = F(ϕ˜), (4.11)
where F(ϕ˜) is a monotonically increasing or decreasing
function of ϕ˜ only. In the following, we shall use this
property to choose F(ϕ˜) so that dϕ is along the same
direction as dt in the regions we are interested in.
Under the background (4.1), we find that the equations
of motion are given by,
κ1(1− η2x2)u′′0 − σu0 = 0, (4.12)
κ1ηxu
′′
0 + κ2(u
1)′′ − σu1 = 0, (4.13)
u20 + 2ηxu0u1 − (1− η2x2)u21 − 1 = 0. (4.14)
Generally, these coupled non-linear equations are difficult
to solve. One simple solution can be obtained when κ1 =
0, in which we find σu0 = 0. Since u0 6= 0 we must have
σ = 0, and Eqs.(4.12)-(4.14) have the solution 1,
u0 =
ηxu1 −√G(x)
η2x2 − 1 , u
1 = cx+ d,
G(x) ≡ (c2 − η2)x2 + 2cdx+ (d2 + 1) , (4.15)
or inversely
u0 = −
√
G(x),
u1 =
−(cx+ d) + ηx√G(x)
η2x2 − 1 , (4.16)
where c and d are two integration constants. In asymp-
totically flat spacetimes, these two constants can be de-
termined by requiring that [30, 42]: (a) it be aligned
asymptotically with the time translation Killing vector;
and (b) the khronon have a regular future sound horizon.
However, the spacetime we are studying is asymptotically
de Sitter, and these conditions cannot be applied to the
1 Eq.(4.14) is a quadratic equation for u0, so in general it has two
solutions. In the following we shall consider only the one with
the minus sign, as the one with the plus sign will give the same
results.
9present case. Instead, we shall leave this possibility open,
as long as it allows a globally defined khronon field ϕ.
Since only the latter is essential for the existence of the
universal horizon, as explained previously at the end of
Introduction. Then, one may ask what is their physical
meanings. To see these, let us first calculate the quantity,
∇αuβ = csαsβ + cˆuαsβ , (4.17)
where
cˆ ≡ xη
2 − c(cx+ d)√
1 + (cx+ d)2 − x2η2 . (4.18)
Thus, c is directly related to the expansion of the aether.
In fact, we have θ ≡ gαβ∇αuβ = c. On the other hand,
assuming that the aether is moving alone the trajectory
xµ = xµ(τ), where τ is the proper time measured by
aether, from Eq.(4.15) we find
u1 ≡ dx(τ)
dτ
∣∣∣∣
c=0
= d, (4.19)
that is, the parameter d is directly related to the constant
part of the velocity of the aether.
In order to have the solution (4.15) well-defined for
all the values of x ∈ (−∞,∞), we must assume that
G(x) ≥ 0, which yields
c2 ≥ (1 + d2) η2. (4.20)
On the other hand, the universal horizon is located at
[15], (u · ξ) = −√G(x) = 0. Since G(x) ≥ 0 for x ∈
(−∞,∞), we must have [32],
G (xUH) = 0,
dG(x)
dx
∣∣∣∣
x=xUH
= 0, (4.21)
at the universal horizon x = xUH . Inserting Eq.(4.15)
into the above equations, we find that
c = cη
√
1 + d2, xUH = −c
√
1 + d2
ηd
, (4.22)
where c = Sign(c). It is interesting to note that the
above solution for c saturates the bound of Eq.(4.20).
We also note that
x2UH − x2KH =
1
(ηd)2
> 0, (4.23)
as expected.
On the other hand, from Eqs.(4.9) and (4.11), we find
that the khronon field takes the form,
ϕ = t+ f(x), (4.24)
where we had chosen F = −ϕ˜, and dropped the tilde
from ϕ˜ for the sake of simplicity, without causing any
xUH
xKH
φ= φ0
-4 -2 2 4 x
-6
-4
-2
2
4
6
t
FIG. 1: The curves of ϕ = Constant. In this figure, we choose
c = 1, d = 1, η =
√
2. The universal horizon (dotted vertical
line) is located at xUH = −1, and the black vertical line de-
notes the location of the cosmological Killing horizon located
at xKH = − 1√2 .
confusions. The function f satisfies the differential equa-
tion,
f ′(x) =
u1 − ηx√G(x)
(η2x2 − 1)√G(x) . (4.25)
In Fig. 1, we show the curves of Constant ϕ, from which
it can be seen clearly the peeling behavior of the curves
of constant ϕ at the universal horizon, while these curves
are well-behaved across the Killing horizon.
From Eq.(4.15), we can construct a spacelike unit vec-
tor sµ = s0δ
t
µ + s1δ
x
µ, which is orthogonal to u
µ. It can
be shown that sµ has the non-vanishing components,
s0 = −(cx+ d),
s1 =
ηxu1 −√G(x)
η2x2 − 1 . (4.26)
Then, we can project kµ onto uα and sα, and obtain,
ku ≡ (k · u) = −ωu0 + kxu1,
ks ≡ (k · s) = −ωu1 − kxu0. (4.27)
To proceed further, we need to consider the aether four-
velocity uµ in the regions x > xUH and x < xUH , sepa-
rately. In particular, c is set to unity in Eq.(4.22) which
leads to the solution,
u0 = −|dηx+
√
d2 + 1|,
u1 = d,
u0 =
√
d2 + 1,
u1 = η
√
d2 + 1x+ d,
f ′ = − d
xηd+
√
d2 + 1
,
f = −1
η
ln
(
ηxd+
√
d2 + 1
)
, (4.28)
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for x>xUH . When x<xUH , we find that u0 and u
1 re-
main the same while u0, u1, f
′ and f are changed to
u0 =
η2x2
√
d2 + 1 + 2dηx+
√
d2 + 1
η2x2 − 1 ,
u1 = −2ηx
√
d2 + 1 + dη2x2 + d
η2x2 − 1 ,
f ′ =
d
xηd+
√
d2 + 1
+
2ηx
1− x2η2 ,
f =
1
η
ln
(
dxη +
√
d2 + 1
1− x2η2
)
, (x<xUH). (4.29)
At the universal horizon, similar to the (3+1)-
dimensional case [38], relativistic particles cannot be
emitted in the form of Hawking radiation. Thus, in the
following we consider only the particles with the following
non-relativistic dispersion relation [38],
k2u = k
2
s + a2
k4s
k20
, (4.30)
where a2 is a dimensionless constant of order one, and
k0 is the cutoff energy scale. For k  k0, the particles
become relativistic. Then, from Eq.(4.27) we find
ku = − 1
u0
(ksu
1 − ω),
kx = − 1
u0
(ωu1 + ks). (4.31)
Combined with the dispersion relation (4.30), we find
that ks has a simple pole at the universal horizon x =
xUH with u0(xUH) = 0. Thus, we assume that near the
universal horizon we have
ks = −b(x)
u0
, (4.32)
where b(x = xUH) 6= 0. To calculate the temperature
given by Eq.(4.5) but now at the universal horizon, in
principle we only need the Laurent expansion of kx in
the neighborhood of the universal horizon. Setting  =
x− xUH , for the special case given by Eq.(4.28), we find
u0 = −dη,
u1 = −1
d
+ η
√
d2 + 1,
b(x) = b0 + b1+O
(
2
)
,
kx =
b0
η2d22
+
1

(
ω
η
+
b1
η2d2
)
+O (1) , (4.33)
for x > xUH , where
b0 = ± k0√
a2d
,
b1 = ηd
2ω − ηdb0
√
d2 + 1. (4.34)
When x < xUH , the Taylor expansions of u
1 and b(x)
remain the same as in Eq.(4.33) while u0 and kx are
changed to
u0 = dη,
kx =
b0
η2d22
+
1

(
−ω
η
+
b1
η2d2
)
+O (1) , (4.35)
Correspondingly, with the help of dispersion relation
Eq.(4.30), one can show
b0 = ± k0√
a2d
,
b1 = −ηd2ω − ηdb0
√
d2 + 1. (4.36)
In order to figure out the temperature at the univer-
sal horizon, one needs to analytically continue the ra-
dial momentum kx to the complex plane, combining
Eqs.(4.33) and (4.35), it’s easy to conclude that, by set-
ting x = xUH + e
iθ, for θ ∈ (0, 2pi)
kx =
b0
η2d22e2iθ
+
2ω
ηeiθ
− b0
√
d2 + 1
ηd
, (4.37)
Then, using Eq.(4.5),
ω
TKH
= Im
∮
k+x dx =
4piω
η
, (4.38)
from which we find that,
TUH =
η
4pi
. (4.39)
The surface gravity at the universal horizon is given
by [15] 2,
κUH =
1
2
Du(u · ζ) = η
2
, (4.40)
from which we find that the standard relation
TUH =
κUH
2pi
, (4.41)
is satisfied at the universal horizon. This is similar to
the (3+1)-dimensional case [35, 37, 38]. For more general
case with the dispersion relation,
k2u = k
2
s
2z∑
n=0
an
(
ks
k0
)n
, (4.42)
it can be shown that the (3+1)-dimensional results [38],
T z≥2UH =
κz≥2UH
2pi
=
(
2(z − 1)
z
)(κUH
2pi
)
, (4.43)
can be also obtained.
2 It should be noted that κUH given by Eq.(4.40) can also be
obtained by considering the peeling behavior of the khronon field
ϕ given by Eq.(4.24), as it was done in [35].
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V. CONCLUSIONS
In this paper, we studied the non-projectable Horˇava
gravity coupled with a non-relativistic scalar field, in
which the coupling is in general non-minimal through
the interaction term f(φ)R. The Hamiltonian struc-
ture of this coupled system is very similar to that
of pure gravity case. There exist two first-class con-
straints and two second-class constraints (The combina-
tions of two second-class constraints will generate two
global first-class constraints which account for global
time reparametrization symmetry of Horˇava gravity as
first pointed out in [46]). Therefore, the local degrees of
freedom is one due to the presence of the scalar field.
We also found diagonal static solutions for the cou-
plings f(φ) = ξφ, and showed that Killing horizons exist
in such solutions, but the scalar field turns out to be
singular at these Killing horizons. For the non-diagonal
stationary solutions, when the lapse function and the spa-
tial metric component g11 are set to one, we found that
the solutions represent black holes, in which both Killing
and universal horizons exist. At the Killing horizon,
the temperature of Hawking radiation is proportional to
its surface gravity defined as in the relativistic case [cf.
Eq.(4.7)] [29].
To study locations of the universal horizons, we first
considered a test timelike scalar field in such a fixed
background [42], and found solutions of the test field,
whereby the universal horizons located at χ · u = 0
were found. By using the Hamilton-Jacobi method [38],
we calculated the temperature at the universal horizon,
and found that it is proportional to the modified surface
gravity defined by Eq.(4.40). For z = 2 of the disper-
sion relation (4.42), the modified surface gravity given by
Eq.(4.40) satisfies the standard relation with its tempera-
ture, TUH = κUH/(2pi), similar to the (3+1)-dimensional
case [35, 37]. But, in more general cases, both of them
will depend on z, as shown by Eq.(4.43), although the
standard relation, T z≥2UH = κ
z≥2
UH /(2pi), is still expected to
hold [39, 40].
The results presented in this paper show clearly that
the existence of universal horizons and their thermody-
namics are independent of dimensions of spacetimes con-
cerned. Therefore, the 2d Horˇava gravity provides an
ideal place to address these important issues, which of-
ten technically become very complicated in higher dimen-
sional spacetimes.
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